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Scaling lawsAbstract Gust load alleviation (GLA) tests are widely conducted to study the effectiveness of the
control laws and methods. The physical parameters of models in these tests are aeroelastic scaled,
while the scaling of GLA control system is always unreached. This paper concentrates on studying
the scaling laws of GLA control system. Through theoretical demonstration, the scaling criterion of
a classical PID control system has been come up and a scaling methodology is provided and veri-
ﬁed. By adopting the scaling laws in this paper, gust response of the scaled model could be directly
related to the full-scale aircraft theoretically under both open-loop and closed-loop conditions.
Also, the inﬂuences of different scaling choices of an important non-dimensional parameter, the
Froude number, have been studied in this paper. Furthermore for practical application, a compen-
sating method is given when the theoretical scaled actuators or sensors cannot be obtained. Also,
the scaling laws of some non-linear elements in control system such as the rate and amplitude sat-
urations in actuator have been studied and examined by a numerical simulation.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The design of modern ﬂights vehicles requires the evaluation of
dynamic loads in response to discrete and random gust excita-
tions.1 The gust excitations may disturb the regular operations
of pilots and worsen the ride quality. In more grievous cases,
ﬂight mission cannot be completed and the ﬂight safety maybe disserved.2 Therefore, gust load alleviation becomes a key
topic in aeroelastic problems.3
Gust load alleviation (GLA) control systems attempt to
attenuate aircraft loads caused by the aircraft ﬂying through
gust zone.4 Active control technology (ACT) has been proved
to be useful for alleviating the internal loads and accelerations
at some particular stations of the aircraft while in turbulence.5
Some control theories such as the proportional–integral–deri
vative (PID) control, the linear quadratic Gaussian (LQG)
control, the H1 control and neuron-fuzzy control have been
applied to GLA control system design and have been veriﬁed
to be effective by numerical simulation.6,7
Compared to numerical simulation in theoretical study,
wind tunnel test can provide a more real condition to validate
GLA methods and control laws. In the aerodynamic efﬁciency
improvement (AEI) program, GLA wind tunnel test on a semi
Aeroelastic scaling laws for gust load alleviation control system 77span aeroelastic wind tunnel model was conducted. Two con-
trol methods (LQG control and LQR control) were employed
in this effort and the peak wing bending moments due to gusts
were successfully reduced by more than 50%.8,9 Another work
is the X-DIA aeroelastic test in Italy, which proved that adopt-
ing wing active control system can add damping to wing bend-
ing modes, either when wing was hit by discrete or stochastic
gusts.10 In China, studies on GLA wind tunnel test had been
carried out by Wu et al. In this project, PID controller was
applied to GLA and the accelerations at fuselage and wing
tip were validated to be alleviated to a certain extent, as well
as the bending moment of wing-root.11,12
Generally speaking, most GLA tests focus on studying the
effectiveness of control methods and control laws. Some of the
experimental models are speciﬁcally built for the certain tests,
and some are scaled from the full-scale aircraft. The scaled
models in these tests might be similar to full-scale aircraft in
structural stiffness, inertial mass and other aeroelastic param-
eters, but the scaling of GLA control systems is always beyond
reach.
Aeroelastic scaled models are designed and manufactured
so that the results obtained from the wind tunnel tests or ﬂight
tests can be related to the aeroelastic behavior of the full-scale
aircraft.13 The physical parameters of scaled model are deter-
mined by aeroelastic scaling laws established on the basic gov-
erning equations. Aeroelastic scaling laws, ﬁrst presented by
Bisplinghoff and Ashley,14 have been developed and improved
ever since. Recently, Wan and Cesnik have elaborated the
aeroelastic scaling method of linear and nonlinear structures.
In the area of aeroservoelastic scaling, Freidman studied a
2-D airfoil combined with a trailing edge control surface,
derived aeroservoelastic scaling requirements for the ﬁxed
and rotary-wing aircraft.15,16 And Pototzky applied scaling
laws to the modal formulation of the aeroservoelastic
equations, and veriﬁed the scaling process by comparing the
root-locus of both size models.17
So far for GLA tests, the available aeroelastic scaling laws
can only ensure the similarity of gust response under open-
loop condition. And no strict scaling laws have been put for-
ward for GLA control system yet, which means the strict sim-
ilarity of gust response under closed-loop condition is still
unreachable. Note: the open-loop condition means that the
GLA system does not work, while the closed-loop condition
means the GLA system is taking effect.
The scaling laws of GLA control system are studied in
this paper, along with some consideration for practical
application. Starting from the aeroelastic equation of motion
in generalized coordinates, the transfer function of a PID
control system is derived. Through theoretical demonstra-
tion, a scaling criterion of the control system has been set
up and a scaling method is provided and veriﬁed. The
options of Froude number similarity have also been studied
in this paper which gives us a more comprehensive under-
standing of the GLA scaling laws. In addition, considering
the practical application, a compensating method is given
for actuator or sensor when the theoretical scaled ones can-
not be obtained. Another difﬁcult problem, the scaling laws
of saturations in actuator has been studied. All these scaling
laws could be applied to GLA tests and play a critical role
in making direct connections between scaled model and
full-scale aircraft.2. Scaling laws for GLA test model
The relations of gust response between the scaled model and
the full-scale aircraft are governed by aeroelastic scaling laws.
To meet the similarity of gust response of open-loop system,
ﬁve general similarity criteria have been described in the fol-
lowing section. For closed-loop system, the general similarity
criteria would not be sufﬁcient any more. Necessarily, the scal-
ing criterion for GLA control system should be studied and
method should be given to ensure the similarity of alleviation
results.
2.1. General scaling method for aeroelastic similarity
For low-speed aeroelastic wind tunnel tests, there are no more
than three practical constraints, corresponding to the primary
dimensions of length, time, and mass. To specify these con-
straints, three factors are chosen as the basic scaling factors,
including the length scaling factor kb, the speed scaling factor
kV and the air density scaling factor kq.
18
On the basis of these three scaling factors, there are differ-
ent criteria that should be satisﬁed in different situations when
scaling a model. For example in ﬂutter study, the dynamic
aeroelastic equation of full-scale model can be written as fol-
lows (neglecting the damping)19:
x2Mþ K 1
2
qV2bA
 
q ¼ 0 ð1Þ
where x is the ﬂutter frequency, V the air velocity, q the air
density and b the reference length. Generalized mass M,
generalized stiffness K and generalized displacement q are
dimensional and the aerodynamic inﬂuence coefﬁcient A is
non-dimensional. Then the dynamic aeroelastic equation of
scaled model can be written with the scaling factors:
k2xkmx2Mþ kKK
1
2
kqk
2
VkbkAqV
2bA
 
kqq ¼ 0 ð2Þ
Considering Eqs. (1) and (2), to get a similar ﬂutter equa-
tion, the following similarity criterion is required:
k2xkm ¼ kK ¼ kqk2VkbkA ð3Þ
Assuming that the Mach number, Reynolds number and
speciﬁc heat ratio are the same between two models, and with
similar aerodynamic conﬁguration and vibration shape, there
will be kA ¼ 1, and thus let the non-dimensional parameter,
the reduced frequency k k ¼ xb
V
 
be kept the same in both
model:
k2xkm ¼ k2xkqk3b ¼ kqk2VkbkA ! kk ¼
kxkb
kV
¼
ﬃﬃﬃﬃﬃ
kA
p
¼ 1 ð4Þ
To summarize the similarity criteria for ﬂutter test, basic
scaling factors and other scaling factors according to the above
criteria has been sorted in Table 1.13
The non-dimensional parameters k are kept the same in
both models in order to ensure the ﬂutter similarity. But in
other kind aeroelastic scaling works, it would not be sufﬁcient
any more. For example, the static aeroelastic or gust response
similarities ask for one more non-dimensional parameter: the
Froude number. Considering the effect of gravity, the static
aeroelastic equilibrium equation can be written as
Table 1 Aeroelastic similarity criteria for ﬂutter test.13
Basic scaling factor Similarity
criteria
Scaling factor
Length scaling factor
kb, velocity scaling
factor kV, air density
scaling factor kq
Geometrical
similarity
kb
Mass
similarity
km ¼ kqk3b
Stiﬀness
similarity
kK ¼ kqk2Vkb
kx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kK=kM
p ¼ kV=kb
kt ¼ kb=kV
Aerodynamic
similarity
kRe ¼ kqkVkb=kl
kFA ¼ kqk2Vk2b
kM ¼ kqk2Vk3b
Table 2 Aeroelastic similarity criterions for gust related test.
Basic scaling
factor
Similarity
criteria
Scaling factor
Length scaling
factor kb, air
density scaling
factor kq
Geometrical
similarity
kb
Mass
similarity
km ¼ kqk3b
Stiﬀness
similarity
kK ¼ kqk2Vkb ¼ kqk2b
kx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kK=km
p ¼ kV=kb ¼ k1=2b
kt ¼ kb=kV ¼ k1=2b
Aerodynamic
similarity
kRe ¼ kqkVkb=kl ¼ kqk3=2b k1l
kFA ¼ kqk2Vk2b ¼ kqk3b
kM ¼ kqk2Vk3b ¼ kqk4b
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2
qV2C1Aafb
2  C2Mg
Mg ¼ 1
2
qV2Aafb
2
8><
>: ð5Þ
where a0 is the initial angle of attack, af the angle of attack
after elastic deﬂection, C1 and C2 are ﬂexibility coefﬁcients.
The equation of scaled model can be written as
kaaf ¼ kaa0 þ 1
2
kqk
2
VkCkAkak
2
bqV
2C1Aafb
2 þ kCkmkgC2Mg
kmkgMg ¼ 1
2
kqk
2
VkAkak
2
bqV
2Aafb
2
8><
>:
ð6Þ
So in static aeroelastic or gust wind tunnel test in which
gravity provides one of the loads to achieve equilibrium, we
can get similar criteria:
ka ¼ kqk2VkCkAkak2b ¼ kCkmkg
kmkg ¼ kqk2VkAkak2b
(
ð7Þ
With the same angle of attack ka ¼ 1 and aforementioned
kA ¼ 1, let another non-dimensional parameter, the Froude
number Fr (Fr ¼ Vﬃﬃﬃﬃﬃ
bg
p ) be kept the same in both model
kqk
2
Vk
2
b ¼ kmkg ¼ kqk3bkg ! kFr ¼
kVﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kbkg
p ¼ 1 ð8Þ
Neglecting the variation of the gravitational acceleration,
the Froude number similarity can be expressed as follow:
kFr ¼ kVﬃﬃﬃﬃﬃ
kb
p ¼ 1 ð9Þ
The equation above consequently makes a connection
between the two basic scaling factors: kV and kb, and turns
the three basic factors into two: kq and kb. After the match
of Froude number, the scaling factors derived from the similar-
ity criteria are updated in Table 2, which provide the general
scaling factors of a scaled model in gust related tests.
The scaling factors for shear force kFS and bending moment
kME can be obtained from the aerodynamic similarity:
kFS ¼ kFA ¼ kqk2Vk2b
kME ¼ kFSkb ¼ kqk2Vk3b
(
ð10Þ
where kFA is the scaling factor for aerodynamic force. In addi-
tion, based on the equation of the second Newton law, thescaling factor for acceleration of a certain point can be
obtained:
ka ¼ kFS
km
¼ kqk
2
Vk
2
b
kqk
3
b
¼ k
2
V
kb
if Froude number is matched; ka ¼ k
2
V
kb
¼ 1:
ð11Þ
Note the consistency of non-dimensional parameters: Rey-
nolds number and Mach number are very important for the
aerodynamics similarity. But Reynolds number requirement
is often ignored because it is hard to reach in practical situa-
tions and is of minor importance as far as aeroelastic effects
for main lifting surfaces are concerned.18 Also, Mach number
cannot be matched since the air density and speed of sound
cannot be controlled in wind tunnel. For low-speed wind tun-
nel test, the air is almost incompressible and thus makes the
Mach number requirement less important.
Generally speaking, to meet ﬂutter similarity, the reduced
frequency k is the key non-dimensional parameter to be kept
the same. But if a scaled model was designed for gust related
wind tunnel tests in which gravity provided one of the loads,
like the sidewall mounting system20 or free ﬂying support sys-
tem,21 another non-dimensional parameter, the Froude num-
ber must be kept the same as an additional requirement.
When Froude numbers are kept same, there would be only
two necessary basic scaling factors: the length scaling factor
kb and the air density scaling factor kq. Other scaling factors
like mass and stiffness factors can be determined by the ﬁve
similarity criteria discussed above. However, the general crite-
ria can only ensure the similarity of gust response under open-
loop condition. In another word, the similarity of gust
response under closed-loop condition asks for one thing more:
the scaling of GLA control system.
2.2. Scaling laws for GLA control system
The GLA control system is shown in Fig. 1, using the wing tip
acceleration as feedback signal. The sensor, control law and
actuator in the dotted box build up the GLA feedback loop.
The general scaling laws above have already decided the phys-
ical characteristics of aircraft and gust. But the GLA feedback
loop has not been determined yet. When seeking the similarity
of response under closed-loop condition, the scaling of feed-
back loop becomes the key problem. The following sections
Fig. 1 Gust load alleviation (GLA) control system.
Aeroelastic scaling laws for gust load alleviation control system 79start from deducing the transfer function of the GLA control
system, and then study the scaling criterion and methodology
of the GLA feedback loop.
2.2.1. Transfer function of GLA control system
The frequency domain open-loop aeroelastic equation of
motion in the generalized coordinates, excited by control sur-
faces motion and atmospheric gusts, is expressed as22
x2Mqq þ ixCqq þ Kqq  1
2
qV2QqqðxÞ
 
q
¼ 1
2
qV2QgðxÞwg þ x2Mqd þ
1
2
qV2QqdðxÞ
 
d ð12Þ
The left-hand-side matrix coefﬁcient matrices are the gener-
alized mass matrix Mqq, the damping matrix Cqq, the stiffness
matrix Kqq, and the aerodynamic inﬂuence coefﬁcients (AIC)
matrix Qqq associated with the modal displacements q. The
right-hand-side matrices are the generalized mass matrix Mqd
and the AIC matrix Qqd due to deﬂection of control surface
d. The AIC matrix Qg is connected to gust velocity vector
wg. After solving the equation, the modal displacement q can
be expressed as follows:23
q ¼ A1Bdþ A1Ewg
A ¼ x2Mqq þ ixCqq þ Kqq  1
2
qV2QqqðxÞ
h i
B ¼ x2Mqd þ 1
2
qV2QqdðxÞ
h i
E ¼ 1
2
qV2QgðxÞ
8>>>><
>>>>:
ð13Þ
Assuming that the wing-tip acceleration is ny, it can be writ-
ten as
ny ¼ x2f1q ð14Þ
where f1 is the modal displacement array of wing-tip
accelerometer. The relation between control surface com-
manded deﬂections d and aircraft’s motion signal ny is
d ¼ T  ny ð15Þ
where T is the GLA feedback loop transfer function. Consid-
ering Eqs. (14) and (15), the modal displacements in Eq. (13)
can be written as a function of wg:
q ¼ ðIþ x2A1BTf1Þ1A1Ewg ð16Þ
Assuming the acceleration of a certain point on the aircraft
is a, which can be expressed as
a ¼ x2fsrq ¼ x2fsrðIþ x2A1BTf1Þ1A1Ewg ð17Þwhere fsr is the modal displacement array of this point. So Eq.
(17) is the transfer function from the input gust excitation to
the acceleration of a certain point. Also, for a ﬁnite element
structural model, we can get the transfer function from the
input gust excitation to the internal stress of a certain element:
F ¼ Ksrfsrq ¼ KfsrðIþ x2A1BTf1Þ1A1Ewg ð18Þ
and Ksr is the stiffness matrix of this element. For the conve-
nience of the following deducing, the wing tip acceleration is
chosen as the output and the transfer function GðxÞ can be
deﬁned as
GðxÞ ¼ a
wg
¼ x2fsrðIþ x2A1BTf1Þ1A1E ð19Þ
2.2.2. Scaling criterion and methodology for GLA control system
The relationship or the scaling criterion of GLA control sys-
tem can be expressed as the following form:
kG ¼
~Gð~xÞ
GðxÞ ¼ constant ð20Þ
where GðxÞ is the transfer function of the full-scale model, and
~Gð~xÞ the transfer function of the scaled model. ~x ¼ xkx .The
following deducing studies the response of wing tip accelera-
tion as expressed in Eq. (19). According to the general similar-
ity criterion, the terms in the equation: A, B, E, f1, fsr have been
determined once the physical parameters are scaled. So the
only term that needs to be specially designed or scaled is the
GLA feedback loop transfer function T.
Before studying the scaling factors, the modal matrix U
should be normalized ﬁrst. The method used here is normaliz-
ing the ﬁrst term of eigenvectors, which means uj1 ¼ 1.
U ¼ ½u1 u2    un  ¼
u11 u21    un1
u12 u22    un2
..
. ..
. ..
.
u1n u2n    unn
2
66664
3
77775 ð21Þ
With the normalization above and adopting the double lat-
tice method (DLM) for aerodynamic forces,24 some precondi-
tion can be given for the deduction:
(1) Except for the control surfaces, the modal array of a
point on the scaled model is the same as the modal array
of the corresponding point on full-scale aircraft, which
also means on corresponding panels, Up (modal matrix
of aerodynamic center) and Uq (modal matrix of control
point) satisfy the equation: kUp ¼ kUq ¼ 1. And modal
arrays such as fsr and f1 have the relationship
kf1 ¼ kfsr ¼ 1.
(2) For the deﬂection modal matrix of control surfaces, the
relationship would be different. The length scaling is
taken into consideration for the reason that the distance
from a point on control surface to the hinge has been
scaled by kb. Consequently the relationship of deﬂection
modal matrix can be written as kUd ¼ kb.
(3) The aerodynamic inﬂuence matrix D of both models are
the same if the panels for DLM are in similar shapes,
which means kD ¼ 1.
(4) If Froude number is matched, some basic scaling rela-
tions kx ¼ k1=2b and kV ¼ k1=2b can be obtained from
Eq. (9) and Table 2.
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A ¼ x2Mqq þ ixCqq þ Kqq  1
2
qV2QqqðxÞ
B ¼ x2Mqd þ 1
2
qV2QqdðxÞ
E ¼ 1
2
qV2QgðxÞ
8>><
>>:
ð22Þ
Neglecting the damping matrix Cqq and using the basic scal-
ing relations: kx ¼ k1=2b , kV ¼ k1=2b ; each term’s scaling relation
can be written. The ﬁrst term of A is
x2Mqq ¼ x2UTqMUq ! k2xkUqkmkUq
¼ k2x  1  kqk3b  1 ¼ kqk2Vkb ð23Þ
The second term of A is
Kqq ¼ x2Mqq ! k2xkUqkmkUq ¼ k2x  1  kqk3b  1 ¼ kqk2Vkb ð24Þ
The third term of A is
 1
2
qV2QqqðxÞ ¼ 
1
2
qV2 UTpSD1
@Uq
@x
þ i k
b
Uq
  
! kqk2VkUpkSk1D
kUq
kb
¼ kq  k2V  1  k2b  1  k1b ¼ kqk2Vkb ð25Þ
It is obvious that all the terms are of the same scaling ratio,
and then A’s ratio of the scaled model to the full-scale model
can be written as
kA ¼ kqk2Vkb ð26Þ
For terms of B, the scaling relation can also be written in
the same way. The ﬁrst term of B is
x2Mqd¼x2UTqMUd! k2xkUqkmkUd ¼ k2x 1 kqk3b kb¼ kqk2Vk2b
ð27Þ
The second term of B is
1
2
qV2QqdðxÞ ¼
1
2
qV2 UTpSD1
@Ud
@x
þ i k
b
Ud
  
! kqk2VkUpkSk1D
kUd
kb
¼ kq  k2V  1  k2b  1  kb  k1b ¼ kqk2Vk2b ð28Þ
and then the value of B’s ratio is
kB ¼ kqk2Vk2b ð29Þ
Finally, E has only one term and the scaling relation can be
written as
1
2
qV2QgðxÞ ¼
1
2
qV2 UTpSD1
1
V
 
! kqk2VkUpkSk1D k1V
¼ kq  k2V  1  k2b  k1V ¼ kqkVk2b ð30Þ
then the value of E’s ratio is
kE ¼ kqkVk2b ð31Þ
With the A, B, E’s ratios being obtained above and the
basic relations kx ¼ k1=2b , kV ¼ k1=2b (Froude number similar-
ity), kf1 ¼ kfsr ¼ 1; the transfer function ratio of the scaled
model to the full-scale model can be expressed askG ¼
~Gð~xÞ
GðxÞ ¼
~x2~f Tsr ðIþ ~x2 ~A1~B~T~f1Þ
1 ~A1~E
x2f Tsr ðIþ x2A1BTf1Þ
1
A1E
¼ k2xkfsr
½Iþ ðk2xx2Þðk1A A1ÞðkBBÞðkTTÞðkf1 f1Þ
1
ðIþ x2A1BTf1Þ1
k1A kE
¼ k1=2b
ðIþ kTx2A1BTf Þ1
ðIþ x2A1BTf Þ1
ð32Þ
To satisfy the similar control systems’ criterion as provided
in Eq. (20), the GLA feedback loop transfer function ratio kT
must be equal to 1. Only in this way could the kG in Eq. (32) be
a constant. And if kT ¼ 1, it also means that the GLA feed-
back loop transfer function of the scaled model ~Tð~xÞ, and
the transfer function TðxÞ of the full-scale model have the
relation
~Tð~xÞ ¼ TðxÞ ð33Þ
where ~x ¼ xkx.
However, in case Froude number was not matched, the
transfer function ratio of the scaled model to the full-scale
model could be expressed as
kG ¼
~Gð~xÞ
GðxÞ
¼ k2xk1q k2V k1b kqkVk2b
ðIþ k2Vk1b kTx2A1BTf Þ
1
ðIþ x2A1BTf1Þ1
¼ kx ðIþ k
2
Vk
1
b kTx
2A1BTf1Þ1
ðIþ x2A1BTf1Þ1
ð34Þ
Also to satisfy the similar control systems’ criterion as pro-
vided in Eq. (20), the GLA feedback loop transfer function
ratio kT must be equal to k
2
V kb. Only in this way, could the
kG in Eq. (34) be a constant. And if kT ¼ k2V kb, it also means
that the GLA feedback loop transfer function of the scaled
model ~Tð~xÞ and the transfer function TðxÞ of the full-scale
model have the relation:
~Tð~xÞ ¼ k2V kbTðxÞ ð35Þ
where ~x ¼ xkx.
So when scaling GLA control system, Eqs. (33) and (35) are
the goal to achieve. Eventually, both the scaling criterion and
the scaling method of GLA control system have been provided
as those in Eqs. (20), (33) and (35).3. Numerical verification
To verify the scaling laws of the GLA control system, a full-
scale airplane with GLA control system is chosen as the
numerical example. By using the scaling methodology above,
two scaled models are constructed with the same length
parameter but different airspeed parameters, as the Froude
number of scaled model 1 is matched while this non-
dimensional parameter is not matched in scaled model 2. Both
two scaled models are of great importance: scaled model 1 rep-
resents the GLA wind tunnel test in which gravity plays an
important role and scaled model 2 gives us a way to check
the inﬂuence of the non-existence of Froude number similarity.
Fig. 2 Finite element model of full-scale aircraft.
Aeroelastic scaling laws for gust load alleviation control system 81By comparing the gust responses of the models in open-
loop and closed-loop condition, the scaling criterion and
methodology are validated.
3.1. Model description
The ﬁnite element model of the full-scale airplane is described
by some basic geometrical parameters as shown in Fig. 2. As
only the longitudinal characteristics are considered in this
paper, the lateral characteristics are neglected and there is no
vertical ﬁn or rudder in this model. The elevator is used for
trimming and the aileron is adopted as control surface for
GLA.
3.1.1. Common parameters for full-scale model and scaled model
Table 3 has provided some parameters for the full-scale model
and the scaled models. There are only two independent scaling
factors in scaled model 1: air density ratio kq ¼ 1 and length
ratio kb ¼ 1=10, as the Froude number has been matched
and thus airspeed ratio kV becomes a dependent parameter.
However, the scaled model 2 has three basic independent scal-
ing factors as the Froude number is not matched. For all these
three models, the airspeed is low enough to ignore the Mach
number similarity. In addition, the Reynolds numbers are con-
sidered to be on the same order of magnitude.Table 3 Geometric properties, air and scaling parameters for full-sc
(Froude number not matched).
Item Full-s
Geometric property Wing span (m) 8
Chord length (m) 0.20
Air parameter Air density (kg/m3) 1.225
Airspeed (m/s) 40
Angle of attack Trimm
Basic scaling factor kq 1
kb 1
kV 1
Other scaling factor km 1
kK 1
kx 1
kt 1
kF 1
GLA control system TðxÞ3.1.2. GLA feedback loop description for full-scale model and
scaled models
The scaled models studied here not only satisfy the general cri-
teria, but also is engaged with a scaled GLA control system.
The GLA feedback loop includes 3 major units: sensor, control
law and actuator. The feedback mechanism is described as fol-
lows: the acceleration signal is measured by the sensor, after
processed by the low pass ﬁlter and the designed control law,
the signal becomes the actuator deﬂection command, which
actuate the control surface to alleviate the gust load.
The low pass ﬁlter unit can be expressed as a 1st-order
transfer function, while the actuator model is considered as a
3rd-order transfer function. As shown in Table 4, all the units
in the feedback loop are scaled by applying the method shown
in Section 2.2.2. As we can see, the GLA transfer function of
scaled model 1 and scaled model 2 are different as the scaled
model 2 frees the restraint between kV and kb.
3.2. Comparison of general aeroelastic analysis results
The following comparisons focus on some general aeroelastic
characteristics. These aeroelastic similarities can be achieved
by satisfying the general scaling laws.
3.2.1. Aeroelastic trim analysis
After general aeroelastic scaling, the similarities of aerody-
namic shape, stiffness distributions and mass distributions
ensure the similarity of static aeroelastic response. But there
are also some distinctions between these three models as
Froude number is not matched in scaled model 2.
In the aeroelastic trim analysis, the angle of attack and the
deﬂection of the elevator are compared. The load factor is held
as a constant at 1 for the two models. And for the full-scale
model, the airspeed varies among 35 m/s, 40 m/s, and 45 m/s,
so correspondently for the scaled model 1, the airspeed varies
among 35=
ﬃﬃﬃﬃﬃ
10
p
m/s, 40=
ﬃﬃﬃﬃﬃ
10
p
m/s, and 45=
ﬃﬃﬃﬃﬃ
10
p
m/s. For the
scaled model 2, the airspeed scaling factor is freed and the
velocities are chosen among 8.75 m/s, 10 m/s, and 11.25 m/s.ale, scaled model 1(Froude number matched) and scaled model 2
cale model Scaled model 1 Scaled model 2
0.8 0.8
0.02 0.02
1.225 1.225
40=
ﬃﬃﬃﬃﬃ
10
p
10
ed Trimmed Trimmed
1 1
1/10 1/10
1=
ﬃﬃﬃﬃﬃ
10
p
1/4
1/1000 1/1000
1/100 1/160ﬃﬃﬃﬃﬃ
10
p
10/4
1=
ﬃﬃﬃﬃﬃ
10
p
4/10
1/1000 1/1600
T 1ﬃﬃﬃﬃ
10
p x
 
16
10
T 4
10
x
 
Table 4 Transfer functions of GLA feedback loop units.
Feedback loop unit Full-scale model Scaled model 1 Scaled model 2
Sensor (low pass ﬁlter) 1
Tsþ 1
1
T 1kx s
 
þ 1
1
T 1kx s
 
þ 1
Control law GðsÞ
G
1
kx
s
 
k2V kbG
1
kx
s
 
Actuator A0
s3 þ A2s2 þ A1sþ A0
A0
1
kx
s
 3
þ A2 1kx s
 2
þ A1sþ A0
A0
1
kx
s
 3
þ A2 1kx s
 2
þ A1sþ A0
Notes: 1
Tsþ 1 (1st-order inertial element) stands for the transfer function of sensor or low pass ﬁlter; GðsÞ stands for general transfer function of
GLA control law; A0
s3 þ A2s2 þ A1sþ A0 (3rd-order element) stands for transfer function of actuator, while Ai are numerator and denominator
coefﬁcients.
Table 5 Condition for aeroelastic trim analysis.
Model Condition 1 Condition 2 Condition 3
Airspeed (m/s) Load factor Airspeed (m/s) Load factor Airspeed (m/s) Load factor
Full-scale model 35 1 40 1 45 1
Scaled model 1 35=
ﬃﬃﬃﬃﬃ
10
p
1 40=
ﬃﬃﬃﬃﬃ
10
p
1 45=
ﬃﬃﬃﬃﬃ
10
p
1
Scaled model 2 8.75 1 10 1 11.25 1
Fig. 3 Comparison of aeroelastic trim results.
82 B. Tang et al.The conditions for aeroelastic trim analysis is given in
Table 5 and the comparisons of the aeroelastic trim results
are shown in Fig. 3. It should be noted that for the convenience
of comparison in one ﬁgure, the airspeeds of the scaled models
have been factored to match the airspeed of the full-scale
model. As shown in Fig. 3, the angle of attack and the deﬂec-
tion of the elevator are consistent under different conditions
for full size model and scaled model 1. But as the gravity pro-
vides one of the loads in trim analysis and Froude number is
quite important here, scaled model 2 cannot share the same
result with full size model and scaled model 1 as expected.
3.2.2. Mode analysis
Mode analysis is the basis of dynamic aeroelastic analysis.
Table 6 shows the natural frequencies of some major symmet-
ric modes, as the anti-symmetric modes being removed. The
mode analysis results show that not only the natural modeshapes are similar, but also the ratios of frequencies are consis-
tent. All the frequencies’ ratios here satisfy the basic relation:
kx ¼ kV=kb.
3.3. Comparison of GLA analysis results
The results of GLA analysis are discussed in this section. The
excitation used here is a discrete vertical gust as shown in
Fig. 4. The GLA analysis is based on similar GLA control sys-
tems. It should be noted that the gust excitations should also
be similar in gust response analysis. The GLA control system
has been described before; the ﬂight and gust parameters are
listed in Table 7. The scaling factors of maximum gust velocity
and gust wavelength are the same as kV and kb.
Gust responses are calculated on the full-scale model and
the scaled models under both open-loop and closed-loop con-
ditions. For the convenience of comparison, the time of the
Table 6 Comparison of natural frequencies.
Mode Full-scale model (Hz) Scaled model 1 (Hz) Ratio 1 Scaled model 2 (Hz) Ratio 2
1-6 rigid body 0 0 0
1st wing symmetric bend 0.91 2.89
ﬃﬃﬃﬃﬃ
10
p
2.28 10/4
2nd wing symmetric bend 4.86 15.37
ﬃﬃﬃﬃﬃ
10
p
12.15 10/4
Ailerons symmetric rotation 5.67 17.91
ﬃﬃﬃﬃﬃ
10
p
14.18 10/4
1st fuselage bend 10.43 32.98
ﬃﬃﬃﬃﬃ
10
p
26.08 10/4
1st horizontal tail symmetric bend 13.12 41.49
ﬃﬃﬃﬃﬃ
10
p
32.80 10/4
3rd wing symmetric bend 14.10 44.59
ﬃﬃﬃﬃﬃ
10
p
35.25 10/4
1st wing symmetric torsion 16.42 51.92
ﬃﬃﬃﬃﬃ
10
p
41.05 10/4
Elevators symmetric rotation 26.75 84.59
ﬃﬃﬃﬃﬃ
10
p
66.88 10/4
Fig. 4 ‘1-cosin’ type gust excitation.
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using the equation s ¼ Vt=b.
The results of wing tip acceleration have been shown in
Fig. 5(a). As the open-loop condition means that there is no
GLA control system working, the similarity of response under
open-loop condition can be achieved by just satisfying the gen-
eral scaling criteria. As illustrated in Eq. (11), if the Froude
number were matched, the scaled model would get the same
acceleration results with full size model, which is veriﬁed by
scaled model 1 and full size model in Fig. 5(a). However, with-
out the Froude number similarity, the acceleration response of
scaled model 2 can still reﬂect the open-loop response of full-
scale model by multiplying the result by 1=ka. This suits a more
common case that the Froude number is not matched and has
been expected from Eq. (11). So generally speaking, the wing
tip acceleration responses under open-loop condition of the
three models are in great consistence.
The closed-loop condition means that the GLA control sys-
tem comes into work. The wing tip acceleration signal has been
measured and delivered to control system to create the allevi-
ation command. As shown in Fig. 5(b), the wing tip accelera-
tion has been alleviated signiﬁcantly compared to the
response under the open-loop condition in Fig. 5(a). The
important thing is, the response curve of the scaled model 1 ﬁtsTable 7 Flight parameters and gust parameters for full-scale and s
Parameter Full-scale m
Flight Airspeed (m/s) 40
Air density (kg/m3) 1.225
Gust Type of gust 1 cos
Gust wavelength (m) 5
Max gust velocity (m/s) 4in well with the response curve of the full-scale model under
the closed-loop conditions, which veriﬁes the correctness of
the GLA scaling methodology. Also by amplifying the
closed-loop acceleration 1=ka times, the response curve of
scaled model 2 could ﬁt in well with the response curve of
the full-scale model as shown in Fig. 5(b). This means scaled
model 2 could also represent the alleviation result of full size
model with some data processing.
In addition, the bending moment and shear force responses
due to gust have been given in Figs. 6 and 7. To compare con-
veniently, the bending moment and shear force responses of
scaled models are ampliﬁed 1=kME and 1=kFS times respectively
according to Eq. (10). Apparently under both open-loop and
closed-loop conditions, the internal force (bending moment
and shear force) responses of scaled model and full-scale model
are consistent in non-dimensional time.
Actually, the GLA control system scaling methodology
used here is deduced from the transfer function of wing tip
acceleration but not the internal force. It comes out that the
internal force responses are scaled correspondingly. So the
analysis results have veriﬁed the scaling criterion and scaling
method of GLA control system in more than one way. The
analysis of scaled model 2 is quite important here since it
demonstrates that the non-existence of Froude number simi-
larity could also get acceptable results, but this conclusion
can only be suitable when gravity is an unimportant factor
for full size model and could be evaded by some measurements
in wind tunnel tests.
4. Results and discussion
The numerical analysis above proves the correctness of the
scaling criterion and method derived from the Eq. (12). But
there are still some difﬁculties in practical application. For
one thing, we may not get the ideal actuator or sensor which
just has the same transfer function as the theoretical scaledcaled models.
odel Scaled model 1 Scaled model 2
40=
ﬃﬃﬃﬃﬃ
10
p
10
1.225 1.225
1 cos 1 cos
0.5 0.5
4=
ﬃﬃﬃﬃﬃ
10
p
1
Fig. 5 Wing tip acceleration response due to discrete gust.
Fig. 6 Bending moment response due to discrete gust.
Fig. 7 Shear force response due to discrete gust.
84 B. Tang et al.one. For another, the scaling method studied above mainly
deals with linear systems, but there are saturations in actuator
that cannot be considered as linear units for simplicity. So how
to scale the rate and amplitude saturation in actuator remains
a signiﬁcant problem yet to be resolved. The discussion below
gives satisfying solutions and has been veriﬁed by numerical
simulation.4.1. Transfer function compensating method
If the theoretical scaled actuator were not available in real sit-
uation, compensating measures could be taken in the forehead
GLA control law. As shown in Fig. 8, assuming that the trans-
fer function of actuator that can be obtained is H3ðsÞ, then
after compensating, the GLA control law will be H2ðsÞ:
Fig. 8 Method to compensate non-ideal actuator.
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H3ðsÞ ð36Þ
Although there are some changes in the transfer function of
control law and actuator, the whole transfer function will stay
unchanged, which will consequently make no difference in the
alleviation result. And this solution can also be adopted in the
situation that the theoretical sensor cannot be obtained.
4.2. Scaling laws of saturation in actuator
Considering the actuator as a second-order control system and
the Simulink model is shown in Fig. 9(a), the input of the actu-
ator is the deﬂection command and the output is the deﬂection
angle of control surface. During the GLA process, it is possible
that the actuator reaches its maximum rate or amplitude inFig. 9 Full-scale and theoretical scaled actuator modeither direction, which means the rate or amplitude saturation
comes into work. Saturations are non-linear units and should
be specially treated in the scaling process. The ranges of rate
and amplitude saturations in scaled actuator model remain
unknown and are underlined in Fig. 9(b).
To get a better understanding of the problem, some
research has been conducted in the situation that the actuator
works in an appropriate range without the saturation working,
thus the unknown range of saturation will not affect the
results. By observing the amplitude and rate responses of
full-scale actuator in GLA process shown in Fig. 10, it is
apparent that the amplitude value of a certain time t is actually
the area value surrounded by the rate curve and the axis before
the time t. And this is identical to the mathematical meaning of
the integration units in Fig. 9(a). In Fig. 11, the response of
scaled actuator shows the similar relationship between rateels with the scaled saturation range undetermined.
Fig. 10 Response of full-scale actuator with saturation units not working.
Fig. 11 Response of scaled actuator with saturation units not working.
86 B. Tang et al.curve and amplitude curve, with a difference that the area must
be multiplied by kx as a scaling effect of integration units in
Fig. 9(b). Eventually, the pattern of responses at correspond-
ing time t (full-scale model) and ~t (scaled model) has been
obtained; the amplitude and rate of full-scale and scaled actu-
ator satisfy the following form:
fðtÞ ¼ ~fð~tÞ ð37Þ
dðtÞ ¼
Z t
0
fðtÞdt ¼ ~dð~tÞ ¼ kx
Z ~t
0
~fð~tÞd~t ð38Þ
where fðtÞ, ~fð~tÞ are the rate responses; dðtÞ, ~dð~tÞ are the ampli-
tude responses for the full-scale actuator and the scaled actua-
tor respectively. The corresponding time above means that
~t ¼ ktt ¼ k1x t. Note that this is the situation when the satura-
tions do not work.
Inspired by the above response pattern of no saturation
working, an idea has come up that after the scaling of satura-
tion units, there should be a same consequence on amplitude
and rate responses as Eq. (38) has revealed. This is taken as
a scaling request in the following deduction.
To study the scaling method of actuator saturation, hypo-
thetical rate curves are drawn in Fig. 12, and the saturation
effects are simpliﬁed as the red dotted line. For full-scaleactuator, the range of rate saturation is AþA (known).
And for scaled actuator, the range of rate saturation is
BþB (unknown). In addition, the rate responses of
full-scale actuator and scaled actuator have the relationship:
fðtÞ ¼ ~fð~tÞ at corresponding time. All these assumptions are
the prerequisites for the deducing below.
Considering that the red line is taking effect, the actuator
amplitude responses of the full-scale actuator and scaled actu-
ator can be written by the following form:
dðTÞ ¼
Z t1
0
fðtÞdtþ ðAÞ  ðt2  t1Þ þ
Z T
t2
fðtÞdt ð39Þ
~dð ~TÞ ¼ kx
Z t1
0
~fð~tÞd~tþ ðBÞ  ðt2  t1Þ þ
Z ~T
t2
~fð~tÞd~t
 !
ð40Þ
where time T is between t2 and t3; ~T is between t2 and t3 for
simplicity.
If we make A ¼ B, then there will be t1 ¼ ~t1 and t2 ¼ ~t2
because of the relationship of rate response: fðtÞ ¼ ~fð~tÞ. Conse-
quently the 3 terms on the right hand side of Eq. (40) can be
replaced by the following forms:Z t1
0
~fð~tÞd~t¼
Z ~t1
0
~fð~tÞd~t¼
Z t1
0
fðtÞd 1
kx
t
 
¼ 1
kx
Z t1
0
fðtÞdt ð41Þ
Fig. 12 Hypothetical rate responses of full-scale and scaled actuators.
Fig. 13 Theoretical and modiﬁed scaled actuator models with scaled saturation range determined.
Aeroelastic scaling laws for gust load alleviation control system 87ðBÞ  ðt2  t1Þ ¼ ðBÞ  ð~t2  ~t1Þ
¼ ðAÞ  1
kx
t2  1
kx
t1
 
ð42Þ
Z ~T
t2
~fð~tÞd~t ¼
Z ~T
~t2
~fð~tÞd~t ¼
Z T
t2
fðtÞd 1
kx
t
 
¼ 1
kx
Z T
t2
fðtÞdt ð43Þ
and then Eq. (38) is perfectly satisﬁed:dðTÞ ¼
Z t1
0
fðtÞdtþ ðAÞ  ðt2  t1Þ þ
Z T
t2
fðtÞdt ¼ ~dð ~TÞ
ð44Þ
This solution can also be adapted to the situation that T is
not between t2 and t3. So theoretically, the range of rate satu-
ration for the scaled model should be the same as the range of
rate saturation for the full-scale model. And the same scaling
laws can be applied to the scaling of amplitude saturation.
However, there is still a problem that we should pay atten-
tion to. Because of its real physical meaning, the integration
Fig. 14 MATLAB simulation scheme of GLA process.
Fig. 15 Response of full-scale actuator with saturation units working.
Fig. 16 Response of scaled actuator with saturation units working.
88 B. Tang et al.unit cannot be simply scaled from 1s to
1
ð1=kxÞs as shown in
Fig. 13(a). The integration unit should stay as 1
s
even in the
scaled actuator. So with the scaling solution of saturation
above and the unchanged request of integration unit, we even-
tually get the modiﬁed scaled actuator model as shown inFig. 13(b). The location of kx is shifted forward and thus mak-
ing the range of saturation ampliﬁed kx times as underlined in
Fig. 13, also the transfer function before rate saturation is mul-
tiplied by kx.
To verify the scaling method of saturation units, a simple
numerical simulation has been conducted and the Simulink
Fig. 17 Load factor responses in absolute time.
Fig. 18 Load factor responses in non-dimensional time.
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signal for GLA. In an equilibrium state the load factor equals
to 1.0, therefore the real control signal should be the offset
from 1.0 as shown in Fig. 14.
The actuator units in the Simulink can be referenced in
Figs. 9(a) and 13(b) for the full-scale and the scaled size. In this
case, the gust excitation is adequate enough to make the satu-
ration units come into work, which is different from the situa-
tion discussed in Figs. 10 and 11.
The result gives a sufﬁcient support to the scaling method
derived in this section. The rate and amplitude responses of
this simulation are plotted in Figs. 15 and 16, and apparently
Eqs. (37) and (38) are completely satisﬁed. The goal of this
simulation is to alleviate the load factor of mass center. In
Figs. 17 and 18, the load factor responses are shown in abso-
lute time and non-dimensional time respectively. Not only the
open-loop responses but also the closed-loop responses are in
consistence, which proves that the scaling laws of actuator sat-
uration units are truly effective.
5. Concluding remarks
Scaling laws for GLA tests are studied in this paper, mainly
concentrating on the scaling criterion and method of GLA
control system. The object investigated is a general airplanewith gust load alleviation control system and the excitation
used here is a ‘1-cosin’ type gust. Also, taking the practical fac-
tors into consideration, some viable methods have been
brought up for real situation. And ﬁndings of this study are
summarized below.
(1) Based on whether the GLA control system comes to
work, the gust response of aircraft can be sorted into
two types: the open-loop response and the closed-loop
response. The open-loop responses of the scaled model
and the full-scale model can be aeroelastically similar
by simply adopting the general aeroelastic scaling laws.
However, the similarity of closed-loop response requires
the scaling of GLA control systems. For a GLA control
system based on classical PID control theory, the scaling
criterion can be represented as the relationship of similar
transfer functions. The scaling method can be derived
from the scaling criterion and is veriﬁed by numerical
analysis in this paper. It would be useful in GLA test
if the scaling criterion and method studied above were
adopted in scaling the GLA control systems. The
method to obtain the scaling criterion and methodology
in this paper also provides a helpful route when scaling
GLA control systems based on other control theories.
(2) Froude number similarity could be quite important if
the gravity provides one of the signiﬁcant loads. But
there is similarity that could be evaded if the gravity
were relatively a quite unimportant factor for full size
model and GLA test model could be mounted on the
ﬂoor rather than on the wall to avoid the effect. In this
situation, the GLA scaling laws studied in this paper
could still ensure the similarity of both open-loop and
closed-loop acceleration response and internal force
response. This conclusion would help a lot in practical
application as it frees restraint between airspeed scaling
factor and length scaling factor, thus make the whole
scaling work more ﬂexible. However, in many practical
cases the gravity is actually an important factor in gust
related tests which needs to be speciﬁcally concerned,
so it is often recommended to match the Froude number
in gust related scaling work.
(3) When building the scaled control system for practical
use, the sensor or the actuator that can be obtained
90 B. Tang et al.might not ﬁt well with the theoretical scaled ones. In this
situation, a compensating method has been come up by
changing the transfer function of control law. Usually,
there are rate and amplitude saturations in actuators.
They are non-linear units in control systems and need
some special consideration when scaling. To deal with
this, a viable scaling approach has been provided and
veriﬁed by numerical simulation.
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